Summary. Elastic-gravitational normal mode theory is used to study theoretically the free wobble and free nutation of a suite of geophysically plausible rotating slightly elliptical earth models. We principally find that observations of wobble eigenfrequencies are not likely to constrain strongly the structure of the Earth's fluid core, that the results of our calculations, together with Dahlen's estimate of the ocean correction, yield the observed Chandler wobble period within its observational uncertainty and that estimates of wobble excitation by earthquakes based on quasi-static calculations of the Earth's response are correctly computed. Also we summarize several analytical treatments of both wobble and internal core modes of rotating Earth models and use that information to assess analytically and numerically the approximate theory exploited here. We show that the approximation we use is valid for the Earth's major free wobbles but not for studying internal modes in the fluid core.
Introduction
In 1891 S. C. Chandler showed from the analysis of observations of the variation of latitude that the Earth's free Eulerian nutation possessed a period of about 427 days. A perfectly rigid body with the same mass distribution as the Earth would be expected to have a period of free Eulerian nutation of about 306 days.
The desire to reconcile observation and theory stimulated a number of investigations of the free wobbles of various classes of rotating bodies. These studies generally considered the consequences of either the presence of an inviscid, homogeneous, incompressible fluid core contained within a rigid mantle (e.g. Hough 1895) or of the quasi-static elastic relaxation of an everywhere solid planet (e.g. Hough 1896; Love 1909; Larmor 1909) . Jeffreys & Vicente (1957a , 1957b and Molodensky (1961) substantially extended the theory to treat earth models which are more realistic than the idealized bodies of earlier investigators. Both of these studies accounted for the influence of a radially stratified elastic mantle and for the presence of a fluid outer core. Both investigations relied to a significant extent on the assumption that the fluid core responds dynamically very nearly as though it were homogeneous and incompressible.
Shen & Mansinha (1976) extended Molodensky's (1961) treatment by using a more general representation of the response of the fluid core. Although they discuss only a portion of the Earth's wobble spectrum, the results quoted are in good agreement with Molodensky's (1961) . Their extention to Molodonsky's (1961) theory relied principally upon a truncated surface spherical harmonic representation of the response of the fluid core; other than noting the consistency of some of their results with Molodensky's (1961) , Shen & Mansinha (1976) made no major effort to assess the validity of their central approximation.
There are quantitative and qualitative discrepancies between the results of Jeffreys & Vicente (1957a,b) and Molodensky (1961) , as mentioned by the latter (see also Section 5 of this paper). There are also certain expository difficulties in both which I, at least, have found difficult to overcome. In view of the current rapid refinement of polar motion data made possible by sophisticated lunar and satellite ranging techniques and VLBI, it is worthwhile to improve as much as possible our understanding of the behaviour of the rotating Earth.
In this study we utilize the theory presented in Smith (1974, and in preparation) to explore numerically a portion of the elastic-gravitational normal mode spectrum of a rotating, slightly elliptical earth which is hydrostatically prestressed, self-gravitating, and has an isotropic perfectly elastic constitutive relation. Apart from its ellipticity of figure and steady diurnal rotation, such an earth is identical to current geophysical models used in seismic free oscillation and body-wave studies; in particular, its properties vary with radius and it has a stratified compressible fluid outer core and a solid inner core.
We will here principally confrne our attention to three of the elastic-gravitational normal modes of such an earth: the Chandler wobble, the nearly diurnal free wobble, and the tiltover mode. From a geophysical point of view, these three modes are of special interest because each possesses a particle displacement eigenfunction which causes the Earth's mantle to undergo relatively large quasi-rigid rotations about a moving axis perpendicular to the Earth's equilibrium angular velocity. (In the case of the Chandler wobble, it is precisely these very large rotational movements which enable us to detect it in observations of latitude.) Also each of these normal modes has readily identifiable equivalents in the normal mode spectra of various simpler systems, and we can hope to see how the various complications we allow act to modify them. Finally, these are the normal modes which are typically considered in specialized treatments of the dynamics of the rotating Earth, and it is of theoretical interest to examine them simply as elastic-gravitational normal modes.
One impetus for the study reported here is our obvious interest in relaxing as many a priori restrictions on the composition of the fluid outer core as we are able. We do not know how the Earth's fluid outer core is stratified. Consequently we have strong motives for wishing to know how, if at all, the details of density stratification in the outer core affect the Earth's free wobble spectrum.
An additional, and equally important, objective of this study is to approach systematically the theoretical study of free wobble from a unified point of view. Virtually all theoretical studies of the Earth's free wobbles disjoin wobble conceptually from all other elasticgravitational normal modes of the rotating Earth and make ad hoc accommodation for that portion of the Earth's motion which is rigid rotation. (The only exception known to me is the Appendix of Hough (1895) .) This separation is unnecessary and somewhat artificial (although not erroneous) and it complicates our understanding of the behaviour of the rotating Earth by leaving the implication that certain of the Earth's free motions cannot be understood by solely studying the continuum equations of motion but instead require that we resort to 'extra' physical principles such as Euler's equations.
The remainder of this paper is divided into five sections. In Section 2 we examine in some detail a series of problems having known analytic solutions. This section serves several pur-poses. In it we summarize several analytically tractable problems relevant to the wobble of the rotating Earth. We fix the nature of the rotating reference frame used herein, demonstrate the form free wobbles assume when a particle motion description of the Earth's response is used, and show how the notions of 'wobble' and 'nutation' are reflected in such a description and in our frame. Finally we discuss the entire elastic-gravitational normal mode spectrum in the most interesting case for which the answer is known: a rotating, homogeneous, incompressible fluid contained within a rigid ellipsoidal shell. This discussion gives us important insight into the character of inertial coupling between core and mantle and into the rich and complex low-frequency normal mode spectrum the Earth must possess.
Section 3 contains a very brief summary of the theory of the elastic-gravitational normal modes of a rotating slightly elliptical earth presented in Smith (1976 Smith ( , 1977 . In equation ( 3 . 9 , it gives the central approximation used in this study, and shows why this approximation should be a very good one for the study of wobble and nutation.
Section 4 describes the results of a series of numerical experiments used to explore the limits of validity of the approximation (3.5). These results are important since they are the only current means of distinguishing useful results from nonsensical ones, and they clearly show that nonsensical results are easily come by. In particular, our calculations are accurate for all principal free wobbles and nutations. The inner-core Chandler wobble is not computed correctly and we show why. Finally we show that the approximation we use is valueless in studying internal core modes. This last result is important because similar or poorer approximations have been used in recent studies of internal core modes (Crossley 1975; Shen & Mansinha 1976) .
Section 5 describes the results of free wobble calculations for several 'realistic' earth models. The results of these calculations are compared with those of Jeffreys & Vicente (1957a,b) and Molodensky (1961) . Reasonable stratification in the fluid outer core is shown to have little effect on wobble eigenperiods and a very mild effect on particle displacement eigenfunctions. We discuss the likelihood of additional wobbles arising as a result of interaction with internal core modes.
Section 6 is devoted to a discussion of two geophysically interesting results of these calculations. The first is that our computed Chandler wobble eigenfrequencies, together with Dahlen's (1976) computation of the effect of the oceans on polar motions, predict the observed eigenfrequency within its uncertainty. This agreement, if substantive, places substantial limits on the extent to which the mantle's rheology at periods of 14 months may differ from the elastic model used here. The second immediately useful consequence of these calculations is that we may apply normal-mode excitation theory (Dahlen & Smith 1975 ) to the numerical eigenfunctions and directly compute the excitation of the Chandler wobble (or any other mode) by dislocation sources. This process bypasses the traditional quasistatic approximation and, more importantly, the entire debate about the correct treatment of static deformation in the fluid core of a non-rotating earth. We find Dahlen's (1973) calculations to be correct. We also find that the source model inferred by Kanamori & Cipar (1974) for the 1960 Chilean earthquake yields an incremental Chandler wobble excitation amplitude rather close to that shown in Smylie & Mansinha's (1968) summary of Chandler wobble data.
Analytical models
Later sections of this paper are devoted to discussion of the results of complex numerical calculations of the free and forced response of a rotating elliptical earth of some generality. Such results are of value in predicting the behaviour of the real Earth; but, because of the variety of processes simultaneously considered in those calculations and because the results
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are strictly numerical, they do not per se provide us much insight into the dynamics of rotating bodies.
In this section we will examine a sequence of rotating-body problems possessing analytic solutions. The purpose of reviewing these calculations -most of which are classical -is to provide a single coherent framework within which to consider the results of more elaborate numerical studies. Further, a number of the results developed in this section will be very useful in assessing the approximate numerical approach summarized in Section 3 and exploited in Sections 4,5, and 6.
We must settle on a choice of reference frames. Let i , 9 , i be basis vectors for a righthand Cartesian reference frame rotating with constant angular speed no (radls) about 2. The angular velocity of this frame is
We will always suppose that whatever earth model we are considering appears to be initially at rest in this frame and that its centre-of-mass is coincident with the rotating frame's origin.
We will further suppose that, whatever may befall the earth model, the scalar n o and the vector no remain always constant. That is, no matter what motions the earth model may acquire as a result of either internal or external processes, the reference frame (and our point of view) will continue to rotate aobout Z with the constant angular speed S2, Note that Z and SZo appear as constant vectors in an inertial (or non-rotating) frame;i and9 do not. AU results in this paper will use this constantly rotating frame unless explicitly excepted.
There are a variety of other useful rotating reference frames (see Munk & MacDonald 1960), all of which differ from the above in that the frame's instantaneous angular velocity is not constant in inertial space. The frame chosen here offers a certain conceptual clarity since all deviations of the rotating earth from its equilibrium state of uniform rotation appear explicitly (see Smith (1974), Toomre (1974), and Dahlen & Smith (1975) for examples of the use of this frame).
We shall begin by reviewing the linearized dynamics of a perfectly rigid earth. Let A, B, C be the moments of inertia of the rigid earth about its axes of least, intermediate, and greatest inertia. We suppose the earth to be initially at rest in the rotating frame and that its principal axes are aligned respectively with i , p , and 2. Thus, at rest, the earth is rotating rigidly about its principal axis of greatest inertia and is therefore both dynamically and secularly stable (Lamb 1932; Lyttleton 1953) . We will also assume, as always, that the Earth's centre-ofmass coincides with the rotating frame's origin, and that no subsequent external disturbance ever imparts a net linear momentum to the rotating earth. Consequently, this coincidence will persist for all time.
In these circumstances any infinitesimal deviation of the rigid earth from its equilibrium configuration can be exactly described by an infinitesimal rigid rotation which, in turn, is specified by the infinitesimal vector 'Ihe Cartesian components of 8 are the respective infinitesimal rotations about the basis vectors of the rotating frame. We have chosen a description based upon rotation angles rather than the more commonly used rotation rates in order to conform to the particle displacement description used in a later section. The rigid earth's equilibrium inertia tensor, We wish to investigate the free vibrations of the rigid earth. To do so, we must add to the above kinematical relations the dynamic constraint that the total angular momentum during such a vibration must remain constant as viewed in an inertial reference frame. In our rotating frame this constrain takes the form
MO, is given by
If we assume 0 (t) has the form where O0 is a constant vector with complex components, (2.1)-(2.5) constitute an eigenvalue problem, the solutions of which are all of the infinitesimal elasticgravitational normal modes of a rotating perfectly rigid earth possessing no net linear momentum.
The eigenvalue problem (2.1)-(2.6) is straightforward and may be handled with standard techniques. There are three independent eigensolutions, each having an associated eigenfrequency, w , and an associated eigenvector, 8,,.
One of these eigensolutions, which we shall call the axial spin mode (ASM), has the associated eigenvalue
and the associated eigenvector
where OL is an arbitrary complex constant. The vanishing eigenfrequency (2.7a) implies that the timedependent physical rotation associated with this mode has the form
where a and b are real constant. The ASM is an example of a secular mode (Dahlen & Smith 1975) , so called because of the secular time dependence of eAs(t). The motion associated with the excitation of the ASM consists of an offset in the earth's angular position about its spin axis and an incremental change in its axial spin rate (i.e. a change in the length of day). The properties of this mode in the case of a more general earth model and its role in freeoscillation excitation calculations are discussed in Dahlen & Smith (1975) . The ASM plays no role in the class of motions considered in this paper because of the axisymmetry of our earth models, and we will hereafter ignore it. A second normal mode, which we shall call the tilt-over mode (TOM), has the associated eigenvalue wT=-a;20 eOT = a(2 -iy) and the associated eigenvector (2.9a)
where (Y is an arbitrary complex constant. Excitation of this mode causes the rigid body to be rotated (Y radians away from 2. The rigid earth's geographic north pole (i.e. a black dot painted on the rigid earth where the axis of greatest inertia emerges) is thus displaced from the spin axis of the coordinate system. During one cycle of the free oscillation, the earth's geographic north pole describes a circle about the reference frame's spin axis with a sense of motion opposite to the rotation of the reference frame (a property hereafter called retrograde). During this motion the earth, as we see it, does not rotate about the 2 axis; the geographic pole does rotate about i (at the rate -a&, but the earth itself executes only 'rocking' motions about the R and 9 axes. If the north pole were marked with a horizontal cross aligned with R and9, the cross as seen from above would maintain that alignment at all times. 'Ihe TOM simply describes the steady rotation of the rigid earth, with angular speed t Oo, about an axis slightly displaced from 2. The displaced spin axis would appear as a fixed vector in inertial space; its retrograde motion described above reflects the steady rotation of our adopted reference frame.
Every rotating body has a TOM which is described by equation (2.9). The TOM is an essential member of the complete normal mode catalogue of any rotating body. In particular, the TOM is the only normal mode having an associated displacement of the earth's angular momentum vector. (This may sound strange, but such a displacement is admissible since the normal mode equations require only that angular momentum be conserved during a normal mode of oscillation and not that the net angular momentum have any particular direction.) Consequently the TOM is important in describing the response o f a rotating body to any external force (such as many of the gravitational tides) which exerts a net torque on the earth and can therefore alter the earth's net angular momentum.
The remaining normal mode is, of course, the Eulerian nutation of the rigid earth. For simplicity, we shall refer to this mode and all of its later variations as the Chandler wobble (0. The CW has the associated eigenvalue where a is an arbitrary complex constant. The particle motion associated with this mode is similar to that associated with the TOM with three important exceptions. First, during the CW, the earth's geographic pole moves in a prograde sense about 2. Second, the eigenfrequency of this motion depends upon the mass distribution of the rigid earth. (For nearly spherical bodies, such as the earth, we generally have wc 4 Qo, but it is evident from (2.10a) that this need not always be true.) Third, the trajectory of the geographic pole about 2 is in general elliptical, becoming circular only in the case of dynamic axisymmetry, when A =B.
Free and forced motions of rotating bodies are frequently characterized as being wobbles or nutations. 'Wobble' denotes motion of the earth's instantaneous rotation axis relative to its geographic axis (i.e. the axis passing through the dot painted on the earth's North Pole). 'Nutation' denotes motion of the instantaneous rotation axis relative to the unvarying rotating reference frame we have adopted and therefore relative to inertial space. Rochester, Jensen & Smylie (1974) have reviewed these concepts and have pointed out that the occurrence of wobble implies, in general, the occurrence of nutation and vice versa (see also, Toomre 1974).
We will now consider how the concepts of wobble and nutation are reflected in the representation used here and see how the connection between them is drawn. For simplicity, we will specialize to the case of a dynamically axisymmetric rigid body, that is we will assume that A = B. In this case both the CW and TOM eigenfunctions have the form
where a is a complex constant. The instantaneous physical rotation vector, which is the real part of e ( t ) , rotates in a prograde or retrograde sense in the $9 plane according as w is positive or negative for our choice (2.1 1) of Bo. The instantaneous offset of the geographic pole from the 2 axis is given by
As seen from above, P(t) is shifted n/2 radians clockwise from e(t). The instantaneous rotation axis is
which is simply the normalized vector sum of no and ate (t), the latter being infmitesimal.
It is important to realize, as (2.13) implies, that the offset of the instantaneous rotation axis from i (the equilibrium rotation axis) is perpendicular to O(t). The offset of the instantaneous rotation axis from the P axis is, from (2.13), 0 R(t) = -eo exp [i (w t + n/2)1 n (2.14)
R(t) is shifted n/2 rad counterclockwise from e(t) by the phase factor (ia/2), and when w is negative, the sign of o induces an additional shift of n rad. 'Iherefore, when o is positive, P(t) and R(t) are parallel; and when w is negative, they are antiparallel.
The instantaneous wobble amplitude is simply
where the 'wobble factor',
is the fractional wobble amplitude associated with the motion e ( t ) . The instantaneous nutation is
where the 'nutation factor'
is the fractional nutational amplitude associated with the motion 6 (t).
It is now apparent that every O(t), with two exceptions, is associated with both a nonvanishing wobble and a non-vanishing nutation. attribute the simultaneous occurrence of wobble and nutation to the dynamics of rotating systems. Such an assertion is certainly correct since the conservation of angular momentum causes the timedependent motion of a rotating rigid body to have the form (2.1 1). From our point of view in an invariably rotating reference frame, however, it would be equally appropriate to regard wobble and nutation as derivative, kinematical concepts, the interdependence of which simply reflects their common dependence on e ( t ) . For purposes of conceptual unity, this last point of view offers certain advantages (Toomre 1974). Observa- terized as a nutation. This situation obviously prevails exactly for the TOM. We will also see later that more realistic earth models possess at least one other mode having an angular eigenfrequency near -no and which thus is more nutation than wobble. Finally, the class of luni-solar tides capable of exerting a net torque on the Earth is characterized by o = -no and thus gives rise to forced motions of a principally nutational character.
The Earth is not a rigid body. Two of its most significant deviations from the mathematically pleasant state of rigidity are the ability of its solid mantle to yield elastically and the presence of a fluid core. The separate influence of each of these two features has been known, at least for special cases, for more than 50 years. (1976) for a generalization of this approach. Admitting the Earth to be elastic formally complicates its normal mode spectrum by allowing the existence of multiply infinite families of elastic (or 'seismic') normal modes. For bodies which are 'earthlike' in scale and composition, save that they lack a ffuid core, the eIastic modes are restricted to periods of less than about one hour. Consequently at periods comparable to, or greater than, a sidereal day, the elastic portion of the earth's response to any rotational disturbance is to a good approximation the static elastic response of the earth to the incremental rotational potential arising from the rigid-body portion of the earth's response. The classic, and most important, application of this principle is to the determination of the Chandler wobble eigenfrequency of a rotating elastic body, a calculation which shows that elasticity acts to reduce wc from the value appropriate to a rigid body. The TOM, evidently, is in no way influenced by elasticity (or any other complication we will consider in this paper).
The presence of a fluid core introduces substantially greater complications. As we shall discuss below, the fluid core acts not only to modify preexisting rigid body motions but also to introduce additional multiply infinite families of normal modes. The latter are different in kind from the additional spectrum of modes arising from mantle elasticity for two reasons. First, the eigenperiods associated with internal core modes may become arbitrarily long, and we thus cannot account for their presence simply by computing the core's static response to some external disturbance. Second, even in the extremely idealized case we shall consider in this section, at least one of these modes interacts sufficiently with the mantle to form a significant new entry in the earth's wobble-nutation catalogue.
The remainder of this section is devoted to a discussion of the entire normal mode spectrum of a rotating earth model comprising a rigid mantle and an elliptical core filled with a homogeneous incompressible inviscid fluid. This is the most 'earthlike' configuration for which analytic solutions exist, so far as I know. The results of this discussion are not only useful in gaining insight into the influence of the fluid core on the behaviour of the rotating earth, but they also constitute a powerful analytic case for comparison with inexact numerical investigations. In Section 4 we shall show that the results of such a test have important implications for current numerical studies of the low-frequency motions of the rotating earth.
In this discussion and in the comparisons summarized in Section 4 we have included internal modes in the fluid core as well as the free wobbles and nutations which are the principal topic of this paper. From a normal mode point of view the distinction between these two topics is only a mild one, based upon whether or not the displacement eigenfunction has appreciable rigid rotational motion amplitudes in the mantle. Computationally the two topics are intimately linked and it is appropriate to consider them jointly.
Hough (1895) investigated the free vibrations of a rotating earth model having a rigid mantle and an elliptical core filled with a homogeneous, inviscid, incompressible fluid. Using Hough's (1895) results, particularly those presented in the Appendix to his paper, we can immediately catalogue all of the normal modes of such an earth with an axisymmetric core. The catalogue comprises (i) the axial spin mode of the mantle, (ii) the axial spin mode of the fluid core, (iii) the TOM, (iv) a nearly diurnal retrograde motion of both the core and mantle which is discussed (v) the CW, and (vi) a multiply infinite family of normal modes wholly confined to the fluid core. below and which is commonly called the near& diurnal free wobble (NDFW), If we release the constraint that the earth's centre-of-mass remain stationary in inertial space, we must add to this catalogue, a three-dimensional space of purely translational modes. These last, as well as the axial spin modes (i) and (ii) above, are of no consequence here; they are discussed further, in a more general way, by Dahlen & Smith (1975) .
We will first examine (vi), the set of internal core modes. Hough (1895) was primarily interested in the free wobbles (iii), (iv), and (v), and he did not investigate the set of internal core modes quantitatively. However, a series of investigations by Greenspan & Howard (1963), Greenspan (1964), Greenspan (1965) , and Kudlick (1966) -summarized in Greenspan (1968) -have dealt thoroughly with the linear oscillations of a rotating, homogeneous, incompressible, inviscid fluid in a variety of rigid containers.
In particular, Kudlick (1966) investigated the normal modes of a rotating fluid contained in a rigid axisymmetric ellipsoidal cavity. All of the normal modes he found, save one, had the property of exerting no net torque on the rigid container. Since a rigid mantle responds only to torques (if the rotating earth's CM is held fixed), it follows rigorously that the normal modes studied by Kudlick (1966) correspond exactly to the class of purely internal core modes mentioned by Hough (1895) plus one more (which is discussed below). Then we may directly use Kudlick's (1966) results to infer the following properties of the internal core modes of a rotating Earth model having a rigid mantle and an elliptical axisymmetric core filed with an inviscid, homogeneous, incompressible fluid:
(i) Each internal core mode eigenfrequency, w , can be expressed as
where c depends upon the particular normal mode and the ellipticity of the core-mantle boundary but not upon slo. Further, -2 < c < 2 so the distribution of internal core mode eigenfrequencies is spectrally limited.
(ii) On the elliptical core-mantle boundary, the incremental Eulerian fluid pressure associated with any internal core mode varies exactly like some qm (6, @) where qm ( 6 , @ ) is a surface spherical harmonic of degree 1 and order m; r,"(e, 4) = PY (cos e ) exp(im@) (2.18) and pT"(x) is an associated Legendre function. Property (i) implies that if slo goes to zero, so does each normal mode eigenfrequency; in the non-rotating limit these normal modes become a subset of the space of steady infinitesimal core flows allowed in such a fluid. The only restoring force acting during these motions in the rotating case is the coriolis force; in recognition of this, these modes are called inertial modes (Greenspan 1968) .
Property (ii) provides a convenient means of cataloguing internal core modes, namely, by assigning to each indices (1, rn) corresponding to the surface spherical harmonic (2.18) which describes the variation of incremental pressure on the core-mantle boundary. This property can also be used to demonstrate that only internal core modes associated with (1, m)= (2, kl)
could ever exert torque on, and thus couple to, the mantle across a rigid axisymmetric elliptical core-mantle boundary. Note that (ii) does not imply that the incremental pressure on any internal surface of constant radius varies as a single surface harmonic; in general it does not, and spherical harmonics are not an orthogonal basis for these internal core modes in the usual sense. The functional dependence on longitude, exp (im@), does persist at all interior points, as axisymmetry requires (Smith 1974) . not a wholly-internal core mode; it is discussed below.) 'Ihe normal mode eigenfrequencies are well distributed over the spectral interval shown, with a prograde series asymptotically approaching o = 0 as 2 increases and a retrograde series similarly approaching w = 2QD We wish to emphasize that the internal core modes discussed above are as real a feature of the rotating Earth as are the well-studied 'seismic' normal modes. More realistic calculations should account for elasticity, stratification, and the presence of a solid inner core. It seems clear that elasticity and stratification would at the least cause each 'internal' core mode to have associated displacement and incremental gravitational fields in the mantle, thus greatly increasing the potential geophysical utility of these modes. Further, elasticity, stratification, and the presence of a solid inner core would surely alter the distribution and possibly increase the spectral density of these motions. Any observational potential which the low-frequency quasi-internal core modes of a rotating earth may offer is currently severely limited by our inability to account for them theoretically in the case of earth models more complex than the one discussed above.
The three remaining normal modes, the TOM, the NDFW, and the CW, were all studied in some detail by Hough (1895) . All are characterized by displacement eigenfunctions which impart rigid rotation to the mantle.
The TOM of this earth model, or of any planet, consists of a uniform rigid rotation of the For 'earthlike' values of the moments of inertia of the mantle and core, the dimensionentire earth, of the form (2.6). Its dimensionless eigenfrequency is -1. less CW eigenfrequency is approximately (Hough 1895) (Cm -Am + Cc -Ac)/Am where C, , Am, and Cc, A,, are the greatest and least principal moments of inertia of the mantle and core, respectively. The particle motion associated with the CW consists almost entirely of rigid rotation of the mantle and involves no sensible rigid rotation of the fluid core.
The NDFW, which has no analogue in the wholly rigid case, consists of large opposing rigid rotations of the mantle and core. For 'earthlike' models, in the sense used above, its dimensionless eigenfrequency is approximately (Hough 1895)
where E is the ellipticity of the core-mantle boundary. Thus the NDFW is spectrally close to the TOM but slightly 'faster'. (Toomre (1974) discusses this normal mode at some length.)
An additional result due to Kudlick (1966) provides useful insight into the greatly different response of the fluid core during the NDFW, the CW, and the TOM; it is also important in assessing the validity of the approximate theory outlined in Section 3 and exploited later. Kudlick (1966) studied the response of a rotating, homogeneous, incompressible, inviscid fluid core to small periodic forced motions of the rigid container. In our context, suppose that the rigid mantle executes the prescribed timedependent rigid rotation
where 8, is of the form (29b), i.e. a complex rigid rotation vector. Then from Kudlick (1966) , we can readily infer that the motion of the core is equal to the rigid body motion of the mantle plus 
(2.20)
s: (r) is the particle displacement eigenfunction associated with the 1 = 2, m = 1 inertial mode for a jixed, rigid container of ellipticity E ; o: is its associated eigenfrequency. The complete response of the core to prescribed motion of the mantle is evidently (2.21)
with-exp (iot) understood. The result (2.21) will be useful in Section 3. Note that (2.21) is valid whether we consider forced motion of the mantle or the respective motions of core and mantle during a normal mode. s(r) as @ven by (2.21) consists of a pure rigid rotation (the first term on the right-hand side) and an additional flow which has no net rotational component. The ratio of the rigid rotational motion of the core to that of the mantle is given by E S 2 ; 2 0 / ( 0 + (1 + f) no). From Fig. 4 we can immediately see that at small positive (prograde) frequencies, such as the CW eigenfrequency, core rotation is about a factor of E down from mantle rotation. Consequently we expect, and Hough's (1895) results showed, thac the fluid core nearly abstains from rigid rotation during the CW; the result (2.21) shows that the non-rotational motion of the fluid core is of the same magnitude as the rotational motion.
The nearly diurnal retrograde portion of the figure (a --ao) shows more dramatic behaviour arising from the resonance at w = at. At w = -!do, the ratio of core rotation to mantle rotation is exactly +1 and from (2.21) we see that there is no non-rotational flow in the core. This exact coincidence of mantle and core is called gyrostatic rigzdiv; this phenomenon is simply resonant excitation of the TOM of the earth model. This effect (Lamb 1932 ) is dependent upon a nonvanishing E , the ellipticity of the core-mantle boundary, but not upon the particular value of the ellipticity.
The NDFW lies slightly to the left of the vertical line at w = -(I + e)S2,; the associated particle motion described above is consistent with the opposing rigid rotations of mantle and core predicted by Fig. 4 . We might regard the NDFW eigenfrequency as being determined by the simultaneous conditions that the'rotational motions imparted to core and mantle satisfy both Fig. 4 and the global conservation of angular momentum; in fact, Hough's (1895) result can be readily thus derived.
Also, Fig. 4 implies that, at least for this earth model, rigid rotational motion of the core is an appreciable fraction of the mantle motion which induces it only over a spectral interval centred at about o = -(1 + €)ao and having a bandwidth of order 4eRo. For typical terrestrial core-mantle boundary ellipticities of about 1/400, this 'interaction band' is extremely narrow. Free or forced mantle motions outside of this band will induce very little rotational motion in the core.
Hough's (1895) results for the CW and NDFW eigenfrequencies are not restricted to 'earthlike', or mantledominated, planets, and it is interesting to consider the effects of compositional extremes on these two normal modes. Fig. 5 portrays the dependence of each of these eigenfrequencies on the dimensionless ratio of Cm/[Maz],,, where C,,, is the mantle's principal moment of inertia and M and a are the mass and radius of the fluid core. For these calculations the core is assumed to have a uniform density of 1 1 g/cm3, a radius of 3483.6 km and a boundary ellipticity of 2.54 x The mantle is taken to have a dynamic ellipticity of
The abscissa appropriate to the earth is so labelled. Over the entire plot each mode retains its prograde or retrograde character.
Near the right-hand extreme where the mantle strongly dominates the CW eigenfrequency becomes essentially that frequency the mantle alone should have while the NDFW eigenfrequency approaches w:. In the latter case, the core sees a more nearly stationary mantle thus approaching the immovable boundary considered by Kudlick (1966) . The Earth lies essentially in this region.
As the relative rotational inertia of the mantle decreases, both normal modes undergo a major transition in character. The left-hand extreme represents a fluid planet with a rigid but nearly massless crust. In this limit, the two normal modes can be shown to also be normal modes of a fluid planet with a free surface (Bryan 1889; Hough 1895). In fact, they are precisely low-order Kelvin modes of such a planet split by rotation (Lebovitz 1961 ).
Elastic gravitational normal mode theory
The remainder of this paper is devoted to the application of a numerical theory of the normal modes of a rotating slightly elliptical earth. This theory is described in detail in Smith (1974) and modified slightly in Smith (in preparation); the characteristics of the normal modes of rotating continua are discussed in Dahlen & Smith (1975) . This section provides a minimal description of that theory.
We suppose the equilibrium earth to be at rest in the invariably rotating frame. We suppose that the undisturbed earth is in hydrostatic equilibrium and that it is nearly spherically symmetric. Then surfaces of constant density have a slight axisymmetric ellipticity which varies with radius in a manner described by Clairaut's equation (Jeffreys 1959) . We suppose that the earth's response to a small disturbance is exactly characterized by an isotropic, linearly elastic, incremental constitutive relation. Finally, we suppose that surfaces of constant value for any of the other material parameters -such as the Lam6 parameterscoincide with surfaces of constant density.
The equations of motion governing the infinitesimal elastic-gravitational response of such an earth model are well-known and are quoted in Smith (1974). These equations account exactly for rotation, elasticity in the mantle and compressibility in the core, stratification in both the core and mantle, and self-gravitation. They account for the radially-varying ellipticity of constant-density surfaces, including interfaces, through terms of first-order in ellipticity. In the leftmost (coredominated) extreme, these two modes become Kelvin waves split by rotation.
L L
The solutions to the Fourier-transformed, homogeneous (i.e. force-free) equations of motion are the elastic-gravitational normal mode eigenfunctions of the earth model. The associated angular frequencies are the normal mode eigenfrequencies. Except in special cases, however, such as Hough (1895), Greenspan (1968), or Bryan (1889), we do not known how to solve the resultant system of tensor partial differential equations exactly.
What we have done is to represent the various tensor fields which describe an elasticgravitational normal mode (incremental stress, particle displacement, and incremental gravitational potential) as a multiply infinite sum of generalized surface spherical harmonics, which are described by Phinney & Burridge (1973). Such a representation is exact, of course, because the generalized surface spherical harmonic bases are complete. Inserting this representation into the tensor equations of motion leads to a system of scalar ordinary differential equations over radius which govern the coefficients associated with the various distinct elements in the spherical harmonic bases. The resultant system of ODE'S is still of infinite order since there are an infinite number of scalar functions of radius to be determined. We then resort to using an approximate representation by assuming that the solution can be represented by using only a finite number of basis elements. The assumed forms of the solution functions contain only a finite number of scalar functions of radius and are determined by solving ODE'S of finite order.
To be specific, let s(r) be the particle displacement field associated with some normal mode. With each surface spherical harmonic, fim(O,$), we may associate two distinct varieties of vector fields. By 0;" we denote the associated spheroidal vector field; 0;" is specified by prescribing two scalar functions of radius, Qm(r) and V,"(r). By 7;" we denote the associated toroidal vector field; 7;" is specified by prescribing one scalar function of radius We are currently interested principally in normal modes with particle displacement fields having a rigid rotational component. The rotation of a portion of the earth about any axis in the equatorial plane is a special case of r:(r) and ~; l ( r ) motion. The rigid rotation of some region, say a 6 r G b, is associated with the form where Q is some constant. The choice of m = t, -1 determines the retrograde, prograde character of the time-dependent motion since we shall hereafter consider only positive angular frequencies. Consequently (3.2) implies that every free wobble or nutation must have the exact representation In this study we use the truncated representation comprising the first three terms of (3.4). The choice (3.5) has two virtues. First, Love (1909) and Larmor (1909) showed that the principal response of an elastic solid body to rotational disturbances was characterized by 1 = 2 spheroidal distortion. Thus the representation (3.5) should be capable of accurately describing the response of the earth's solid portions. Second, we can readily show that correct through terms of first order in ellipticity the right-hand side of (2.21), which represents the response of an incompressible, homogeneous, inviscid rotating fluid core to slight rotations of a rigid mantle, has the form (3.5). At least in the homogeneous, incompressible limit, then, we are assured that the truncation (3.5) is adequate for describing the motion of the fluid core during free wobble and nutation.
The truncated system (3.5) leads to a set of ordinary differential equations over radius which are tenth-order in the solid mantle and fourth-order in the fluid outer core. The resultant system comprises a well-posed eigenvalue problem, the solutions of which are hopefully useful approximations to certain of the elastic-gravitational normal modes of the rotating earth. The next section is devoted to a numerical investigation of the utility of such calculations.
Numerical validation
In this section we discuss the results of applying the theory summarized in Section 3 to four problems for which exact solutions exist. The purpose of this section is to define the class of calculations for which our theory is valid and that for which it is not valid. Tests such as those described below are indispensable in exploiting calculations as exotic as ours.
CASE I: T H E C H A N D L E R W O B B L E O F A N E V E R Y W H E R E S O L I D , ELASTIC

EARTH
Subject to certain restrictions discussed in Section 2, Love (1909) and Larmor (1909) have shown how to estimate the CW eigenfrequency of an elastic, everywhere solid earth from knowledge of the static value of the Love number kl. The correct calculation of this eigenfrequency depends upon proper treatment of both the rotational dynamics of the Earth and its elastic response to rotationally induced disturbances.
To compare our results with Love's and Larmor's, we modified a 'standard' earth model, model DG579 of Dziewonski & Gilbert (private communication), by imparting to its fluid core the rather low rigidity of 10'0dyne/cm2. We call the modified model DG579M. from the ellipticity of figure for radially inhomogeneous bodies because the ellipticity of constant density surfaces varies with radius.) If DG579M were perfectly rigid, we would have wc =Hao = 2.665 x lo-' (RIGID).
Love-Larmor theory predicts that elasticity will modify this to
The elastic-gravitational normal mode theory used here yields wc = 1.6070 x (ELASTIC-GRAVITATIONAL).
The Love-Larmor prediction and the elastic-gravitational eigenfrequency differ by about one part in 400. Since the eigenfrequency is initially of order of the ellipticity (times !&), we have correctly computed the elastic-gravitational eigenfrequency with an absolute error of the order of ~' 5 2~ Therefore, the theory used here adequately accounts for both the gross dynamics of rotating bodies as well as the complications introduced by elastic yielding in the mantle. model, known as WEM, has an exaggerated outer-core and a diminished innercore. It is homogeneous in density and its constant-potential surfaces all have ellipticity 1/23 1.9, which value is also WEM's dynamical ellipticity. ('The presence of the solid inner core was required by the manner in which we generated central starting solutions in the programme.) The elastic constants in the mantle and inner core are quite large in order to induce these regions into behaving rigidly. The values of A, p, and p quoted in Table 1 other by about 0.6 per cent (the eigenfrequencies differ by only 0.003 per cent, a misleadin] indicator). In both cases, the elastic-gravitational calculations produced smaller eigenfre quencies. The results of this comparison are also favourable and support the inference madc in Section 3 that our truncated theory is adequate for describing the role of the fluid con during wobble and nutation, at least in the incompressible, inhomogeneous limit.
CASE
11: W O B B L E A N D N U T A T I O N O F A R I G I D S H E L L WITH A N ELLIPSOIDAL, HOMOGENEOUS, INCOMPRESSIBLE F L U I D C O R E
C A S E 111: I N E R T I A L OSCILLATIONS O F A R O T A T I N G , H O M O G E N E O U S , INCOMPRESSIBLE F L U I D IN A N ELLIPSOIDAL CONTAINER
From the discussion of inertial oscillations in Section 2, earth model WEM might be expected to support multiply infinite families of inertial oscillations confined almost entirely to the fluid outer core. The only substantive difference between WEM and the earth model discussed in Section 2 is the presence of a solid (in fact, rigid) inner core in the former. For any particular realization of equation (3.5) (i.e. specific values of I and rn), the threeterm representation upon which our calculations are based, a numerical search over the appropriate angular frequency domain generates a number of normal modes, all of which are essentially confined to the fluid outer core. We may compare the results of these calculations with the corresponding distribution of inertial eigenvalues by noting that the (Z,rn) index pair associated with a particular inertial eigenmode refers to the surface spherical harmonic which describes the variation of incremental fluid pressure on the ellipsoidal coremantle boundary. In our representation, the boundary variation of incremental fluid pressure has exactly the surface spherical harmonic character associated with the central spheroidal term. Thus we expect that the numerically determined eigenfrequencies should correspond to those inertial eigenfrequencies which are associated with the (I, rn) index pair possessed by the spheroidal term in our representation, equation (3.5).
What we get is not heartening. Calculations for (I, rn) = (5, l), for example, yield only two normal modes over a region in angular frequency which should support four; and the computed eigenfrequencies vary by as much as a factor of ten from the predicted ones. Further investigations only strengthen the conclusion that the normal modes of WEM as we compute them are not noticeably correlated with the inertial eigenfrequency calculations discussed in Section 2.
This discrepancy must be due to either (a) the presence of a solid inner-core in earth model WEM or (b) the failure of our truncated theory to account for inertial modes. Stewartson & Rickard (1969) used a perturbation expansion in an attempt to extend the equations of motion for a thin shell of rotating fluid, commonly called Laplace's Tidal Equations, to the case of a thick shell and observed surfaces of discontinuity in the particle displacement of the thick-shell eigenfunctions, which they suggested might be an inescapable consequence of an interior solid surface. Miles (1974), however, later showed that these pathologies actually arose in the limit processes traditionally invoked to derive Laplace's Tidal Equations and are not inherent in the physics of rotating fluids. This rather complex subject is important to us because if the presence of a solid inner core forces the correct solution to have discontinuities, then evidently the 'innercore' case is greatly different from the well-behaved 'no-inner core' case we are using for comparison. However, there is no reason at present to believe that this is so.
I believe that the unfavourable results of the comparison of the computed eigenspectrum of WEM and the exact inertial eigenspectrum reflects the inability of the representation (3.5) to adequately describe inertial modes. The extreme lack of correlation between expected and computed eigenfrequencies implies to me that calculations based upon a series as short as (3.5) are not even beginning to show convergent behaviour insofar as inertial modes are concerned.
Crossley (1975) studied internal core modes in rotating earth models and Shen & Mansinha (1976) studied both internal core modes and the NDFW in rotating earth models. Both utilized a theoretical development similar to ours; in particular, the normal mode calculations reported in both studies relied on expansions similar to (3.5) or shorter. The results of the comparison developed above indicate that none of the internal core mode calculations reported in either paper are correct; in fact, we have no present reason to believe that their results, or ours, have very much at all to do with the rotating earth's internal core mode spectrum. (These comments, incidentally, do not apply to the NDFW calculations of Shen & Mansinha (1976); for reasons discussed in Section 3 those are probably adequate.) At the present time the correct calculation of the internal core modes of a rotating 'realistic' earth model is an unsolved problem.
C A S E IV: C H A N D L E R WOBBLE O F T H E I N N E R C O R E
We will briefly consider one last case of geophysical interest: the CW of the solid inner core. This is the one case, as we shall see, for which we can a priori show that (3.5) will fail.
Busse (1970) considered the free vibration of an oblate rigid homogeneous spheroid immersed in a rotating homogeneous incompressible inviscid fluid contained within an oblate rigid shell and found that the wobble eigenfrequency of such a body is where CI and A I are the greatest and least principal moments of the axisymmetric inner core, P I is the density of the inner core, pf is the density of the fluid, and n o i s the equilibrium rotation rate. Equilibrium rotation is assumed to be aligned with the system's symmetry axis. Kakuta, Okamoto & Sasbo (1975) presented a reworked solution to the problem in substantial detail. Their solution gives the same eigenfrequency and associated particle motion as does Busse's. (They also corrected an error in Busse's treatment of core-mantle coupling, showing that he overestimated the interaction, but the difference is of no consequence here.) Equation (4.1) implies that the effect of the surrounding fluid on the Chandler wobble of the innercore is to reduce the latter's eigenfrequency by a factor of the fractional density jump between the inner and outer cores. When pf vanishes, (4.1) is simply the expression for the Eulerian nutation of a rigid body; when pf = P I , 01 goes exactly to zero.
An essential feature of the associated particle motion, at least when the fluid outer core is homogeneous, inviscid, and incompressible, is that motion of the fluid relative to the rigid mantle nearly vanishes outside of a right circular cylinder having generators parallel to the rotation axis and tangent to the innercore-outercore boundary. This rather unusual feature is a consequence of the Taylor-Proudman theorem together with the quasi-static character of the associated fluid motion. As a result, the motion of the fluid possesses a near-discontinuity at the surface of the Taylor-Proudman cylinder.
Calculations with earth models similar to those used for Cases I1 and I11 above yield computed eigenfrequencies about four times greater than those predicted by Busse's formula (4.1). The reason for this, evidently, is the failure of our representation (3.5) to account for the nearly discontinuous particle motion in the fluid outer core.
S U M M A R Y
J3y exploiting the existence of analytic solutions to certain members of the general class of problems of interest to us here, we have been able to explore the range over which the numerical theory used here is valid.
In particular, the theory is adequate to describe the major mantle wobbles of the Earthnamely the Chandler wobble and the nearly diurnal free wobble. It is also adequate to describe the response of the Earth to tidal potentials, at least to the extent that 'internal' modes in the fluid core do not participate in the Earth's response.
The theory has been demonstrated to be sorely inadequate for two other classes of normal modes: internal core modes and the Chandler Wobble of the solid inner-core. In both cases the failure of the theory is associated with the inability of our finite representation to adequately represent motion in the fluid. These failures are not evident from inspection of the numerical results alone; their detection was only made possible by the availability of analytic solutions.
A corollary of these results is that recent published calculations of internal core modes for rotating geophysically plausible earth models by Crossley (1975) and Shen & Mansinha (1976) are almost surely invalid. The theoretical basis for those studies, like the one exploited here, is wholly inadequate to describe internal core modes.
Wobble and nutation of 'realistic' earth models
In this section we wiil discuss the numerical results of applying the theory summarized in Section 3 to several geophysically plausible earth models. These calculations, which are the principal goal of this paper, simultaneously account for elasticity, core fluidity, radial stratification, and self-gravitation of the earth model.
O N T H E E A R T H M O D E L S USED
The earth models for which we shall report results are all variants of model DG579, one of a number of spherically symmetric earth models constructed by Professors Adam Dziewonski and J. Freeman Gilbert (private communication) to fit a variety of seismological data, principally elastic free oscillations. The details of the distribution of the model's elastic properties are not particularly important to our results, and we will not discuss them here. The results of this section would be unaffected by the substitution of virtually any other geophysically plausible model. A seismic compressional wave (which in a fluid is exactly an acoustic wave) takes about 12 min to diametrically traverse the Earth's fluid core. At periods much greater than this, and in every instance we consider in this paper, the behaviour of the fluid core (whether we regard it as rotating or not) is relatively insensitive to the distribution of elastic constants per se but is sensitive to the connective stability or instability of the local density gradient. As can be seen from Eckart (1960), the quantity which appropriately characterizes stratification of the fluid is the squared Brunt-Wsda frequency, Model DG579 has a somewhat erratic distribution of N2(r) (equation 3.1 1) in its fluid outer core. In particular, N2(r) is negative in an appreciable portion of the core, implying that that portion is convectively unstable. Since neither the data used nor the manner in which DG579 was constructed are particularly conducive to an accurate estimation of N Z (r) (see Smith (1976) for a somewhat fuller discussion), the erratic behaviour of that parameter in this model is probably unrelated to its behaviour in the Earth. If we do not accurately know the distribution of N 2 in the real Earth, we are better off studying the effect of varying N Z ( r ) as a parameter as opposed to considering only numerical results for some erratic N2(r) handed down by an inverse calculation. Consequently, we have elected to study a suite of earth models which are identical to DG579 except that the distribution of density in the core has been slightly altered to give each a prescribed, uniform value of N 2 (r). These models are a subset of those used in Smith (1976) to study the inner core translational oscillations (often called 'Slichter modes') of a rotating slightly elliptical earth.
In the present instance, we have restricted our attention to three variants of DG579. The first, model 789, was constructed to have a neutrally stable (or Adams-Williamson) core, the second, model 809, was constructed to have N 2 = 8.1 x lo-' everywhere in the core; the third, model 899, was constructed to have N 2 = 3.38 x lo-' everywhere in the core. Each model also has constant innercore density and an innercore-outer-core density jump of 1 .O g/cm3. Fig. 6 depicts the core density structure (referenced to the neutrally stable model 789) of models 809,899, and DG579. The offset of DG579 at the inner-coreoutercore boundary simply reflects the fact that the density jump for this model is 1.074 g/cm3. (The complex variation of the density gradient for this model, and thus the variation of N 2 (r), is evident from the figure.)
Earth models with self-gravitation, radial structure, and an elastic rheology are frequently called 'realistic' earth models in the literature. This usage, which is convenient, serves more to define the word 'iealistic' than to specify some dramatic property of the earth model. In particular our 'realistic' calculations omit fluid surficial oceans, the irregular distribution of oceans and continents, imperfections of elasticity, and geomagnetism.
GROSS F O R M O F THE DISPLACEMENT EIGENFUNCTIONS
In Section 3, equation (3.3), we discussed how the rigid rotation of some portion of the Earth during free vibration reflects itself in the eigenfunction. A realization of this appears in Fig. 7 which portrays the W:' (r) component of the displacement eigenfunction for the three normal modes of particular interest here (the results are valid for any of the three models). The rigid rotation associated with these modes is so large that the other scalar components of the displacement eigenfunction cannot be usefully depicted on the same scale (but see below).
The uppermost curve of Fig. 7 shows W:(r) for the tilt-over mode eigenfunction of the neutrally stable model 789. The difference between the computed eigenfrequency of 7.2924 x IO-'rad/s and the theoretical value of 7.2921 x 10-'rad/s probably reflects the finite precision demanded of the root-finding algorithm. The continuous linear homogeneous variation of W: (i) in the outer core and mantle indicates that these two regions are rotating rigidly together about a moving axis in the equatorial plane; this, of course, is as it should be. Unfortunately, as Fig. 7 clearly shows, our numerical results predicted a rotation of larger amplitude for the inner core. This result is clearly in error. Numerical experimentation suggests that the predicted innercore rigid rotation is exceedingly sensitive to minute variations in the assumed eigenfrequency ; the erroneous computed innercore motion probably reflects noise in our estimated eigenfrequency.
The middle curve of Fig. 7 shows W:(r) for the nearly diurnal wobble eigenfunction of the moderately stable model 809. The computed eigenfrequency corresponds to a period of 0.9978 sidereal days. The associated particle displacement principally consists of opposing rotations of the mantle and fluid outer core, the latter undergoing the larger rotation. The inner core rotates about as much as the fluid outer core but withsthe same sense as the mantle. The opposing rotations of mantle and outer core are consistent with the results of the simpler case treated by Hough (1895). The final curve of Fig. 7 shows W;'(r) (note that the superscript is negative) for the Chandler Wobble of the neutrally stable model 789. The associated eigenfrequency corresponds to a period of 403.6 sidereal days (or 402.5 mean solar days). As we expect, the fluid outer core essentially abstains (at least on this scale) from rigid rotation. The inner core appears to rotate about as much as the mantle, but, as we discussed in Section 4, we cannot place any credence in this result.
The results shown in Fig. 7 are hardly surprising, with the possible exception of the anomalous behaviour of the innercore for the tilt-over mode. These results are representative of those for any plausible earth model, and consequently Fig. 7 serves to succinctly portray the principal features of the three principal free wobbles (or free nutations) of a 'realistic' earth model. The functions W," (r) displayed in Fig. 7 are, it is worth emphasizing, gotten directly from the numerical solution of the appropriate differential equations and their associated boundary conditions. The theory upon which these calculations are based does not a priori prescribe the linear, homogeneous variation of W f l ( r ) , does not explicitly contain the notion of a rigid rotation, and possesses no ad hoc accommodations for wobble (or nutation) other than the particular truncation of the spherical harmonic series representation used here. Fig. 7 proves that the Chandler wobble, the nearly diurnal wobble, and the tilt-over mode are, in every sense, simply particular elastic-gravitational free oscillations of a rotating, slightly elliptical earth. Vicente (1957a,b) reported the results of what is surely one of the most complex and difficult theoretical investigations of modem geophysics. They combined Takeuchi's numerical Love number calculations for a 'realistic' mantle with relatively simplified models of core dynamics and utilized the result in a variational principle to investigate the free and forced long-period response of rotating earth models of two classes. Their feat is all the more remarkable because it was accomplished in a largely analytical fashion. These papers are, at least to me, quite impenetrable; consequently, I will not attempt to assess critically the theory presented in them. We below compare their numerical results to our own and those of Molodensky (1961) .
COMPARISON WITH E A R L I E R RESULTS
Jeffreys 8c
. Molodensky (1961) sought to extend and clarify the theory of the free and forced wobbles of a 'realistic' earth model. The results, like those of Jeffreys & Vicente (1957a, b) and Smith (1974) , are still quite complex. It appears that the principal restrictions on Molodensky's results, at least for the class of motions discussed in this paper, are that he required the core to be neutrally stable, and he used a somewhat more restricted representation for particle displacement in the core than we have adopted here.
Shen & Mansinha (1976) have recently extended Molodensky's (1961) approach. Although their treatment makes ad hoc accommodation for relative rigid rotation of different portions of the earth model, the results are generally similar to the approach we take here and which is described in Smith (1974 Smith ( , 1977 . The principal difference between the two theories is that Shen & Mansinha (1976) , like Molodensky (1961) , neglected some terms of order ellipticity which they a priori believed to be small. In Smith (1974) we Table 2 summarizes the computed eigenperiods and the rigid rotational elements of the associated eigenfunctions for the wobble eigensolutions of Jeffreys & Vicente (1 957a, b) , Molodensky (1961) , and the present paper. In general, Molodensky's results and ours appear to be in fairly good agreement (we have 'decorrected' his Chandler wobble eigenperiods by removing his estimate of the influence of the oceans). Molodensky does not discuss the associated particle motions at great length; he is principally interested in the (observed!) forced nutations. Our Chandler wobble periods are all two to four days greater than Molodensky's. (It is not entirely clear whether the difference is significant. If, as we believe is the case for these modes, the truncated representation we use is not a sample of a divergent series, then our results should be the more accurate.) The apparent stunning agreement of the nearly diurnal wobble eigenperiods is misleading; as was mentioned earlier, we should be comparing the differences between the computed eigenperiods and one sidereal day. It is then apparent that to the number of significant figures given agreement amongst these eigenperiods is not necessarily better than it is amongst the Chandler wobble eigenperiods. Table 2 displays several interesting features. First, the nearly diurnal wobble eigenfrequency is not particularly model-dependent. In fact, the variation over all of Molodensky's results and our is quite small. Consequently, it does not seem likely that observations of this free motion, should such ever be made, will add appreciably to our knowledge of the structure of the Earth's deep interior. The Chandler wobble eigenfrequency, similarly, does not vary markedly with changes in the stratification of the outer core, and it, too, would appear to be of limited utility as a gross earth inverse datum.
An important aspect of the model-independence of these motions is that the eigenfrequencies reflect, in part, the efficiency of pressure coupling at the elliptical core-mantle boundary. The relative invariance of the computed eigenperiods implies that the core-mantle coupling process does not depend strongly on the details of density stratification in the fluid outer core (an assertion which is qualified by the finite number of models examined and the limited range of structures these models span). It is interesting to note that equation (2.21), which we inferred from Kudlick (1966) , predicts that the ratio of core rotation to mantle rotation for the NDFW of our model having N Z = 8.1 x should be -7.80. The numerous complications we admit here only modify this to -7.83 (see Table 2 ).
We did not, in any calculation, find any indication of a nearly diurnal wobble having a period of slightly more than one sidereal day. Jeffreys & Vicente (1957b) did find such a mode for their Roche Model Core. Molodensky (1961) presumably did not;Shen &Mansinha (1975) did not. The absence or existence of additional nearly diurnal wobble modes is not, however, a question to be decided by democratic processes. There is no fundamental physical objection that I know of to such a normal mode, not even the fact that, as Toomre (1974) observes, the phase velocity of the associated rigid rotation is prograde as seen from inertial space. In view of the underlying similarities of the three calculations which yielded negative results, we cannot confidently condude that the 'extra' nutration of Jeffreys & Vicente (1975b) is a spurious feature.
Our calculations did reveal an additional nearly diurnal wobble, almost wholly confined to the solid inner core with an eigenperiod about 2 parts in 104 quicker than one sidereal day. Although mentioned briefly later in this section, this normal mode was excluded from Table 2 as well as from most of this section because there is presently no way to assess the correctness of the calculations. In a subject where meaningless results are denumerably infinite and useful ones come only finitely, 1 think we are obliged to move with great caution.
DETAILS O F THE DISPLACEMENT EIGENFUNCTION
In order to examine the non-rigid rotational portions of the displacement eigenfunction, we have extracted (by means of a least-squares fit) the linear homogeneous portion of W:' (r) for each portion of the earth (inner core, outer core, mantle) and plotted the remainder. Fig. 8 shows the results of this reduction for each of the three Chandler wobble eigenfunctions and Fig. 9 shows the results for each of the two nearly diurnal wobble eigenfunctions. Each reduced eigenfunction is portrayed by plotting the four reduced displacement scalars as functions of radius; each reduced eigenfunction is normalized by setting the extreme absolute value of the reduced displacement scalars equal to unity. On this same scale, the One of these consists of a linear homogeneous component in the inner core which is unambiguously specified by noting that its amplitude at the outermost portion of the solid innercore is 20.2 times greater than the unit arrow. Similarly, the mantle has a linear homogeneous contribution which, at the surface of the earth, is 47.4 times greater than the unit arrow while the fluid outer core has no sensible net rotation. The reduced Chandler wobble eigenfunctions plotted in Fig. 8 are, from top to bottom, associated with earth models having increasingly stable density profiles in the fluid outer core. It is evident from the figure that with increasingly stable stratification, particle motion in the fluid outer core is increasingly concentrated near the core-mantle and innercoreoutercore boundaries. Further, the ratio of inner-core to mantle rotation decreases by more than a factor of two in going from the neutrally-stable model to the most stable model, although this observation must be tempered by recalling our earlier discussion of the error inherent to any of our long-period inner-core results.
These trends are qualitatively satisfying since stable stratification imparts to the fluid a tendency to resist vertical motion. Consequently, it is reasonable that boundary disturbances would penetrate less readily into a more stably stratified fluid than into a less stably stratified fluid. We might also expect an increasing decoupling of inner-core and mantle as the fluid outer core is made ever more stable. These remarks tacitly assume that there are no resonant processes in the fluid associated with motions of this sense and frequency, a possibility we discuss below. Also note that appreciable variations in the response of the fluid core to motion of the mantle have, at most, a minor influence on the Chandler wobble eigenfrequency. Fig. 9 shows the reduced nearly diurnal wobble eigenfunctions for two earth models with fluid outer cores of different degrees of positive stability. The results for the neutrally stable model (which appeared in Fig. 8) were destroyed by a tape handling error. The differences between the results for the neutrally stable model and the model having NZ = 8.1 x which appears in Fig. 9 were deemed too slight to justify recalculation. The manner in which the eigenfunctions are depicted in Fig. 9 is identical to that of Fig. 8 .
For both earth models, the ratio of core rotation to mantle rotation is about -7.8, which reflects principally the relative moments of inertia of core and mantle. The eigenperiod is similarly relatively independent of core structure over the appreciable range considered here. The principal difference between the results for these two models is the relative amplitude of the residual (i.e. non-rigid rotational) W: (r) toroidal field. Relative to the amplitude of the rigid rotational component of core motion, the residual W:(r) is about 40 times greater in the case of Model 899 than in the case of the less stably stratified Model 809. This remarkable enhancement of a single field, especially when contrasted with the 'subduing' action of stable stratification in the case of the Chandler wobble, suggests the possibility of some sort of internal resonances in the fluid outer core, a possibility that we discuss briefly below. We emphasize that in any event the residual toroidal motion is small compared with the associated rigid rotational motion, and the gross features of the eigenfunction (namely the relative motions of outer core and mantle) as well as the eigenperiod are essentially unaffected by this enhancement of the residual particle motion.
WOBBLE-CORE R E S O N A N C E I N T E R A C T I O N
The occurrence of resonant behaviour in the response of the fluid outer core during some wobble would presumably be a reflection of the proximity of internal core modes to the wobble eigenfrequency. The possibility of such phenomena is worth exploring because such resonances are potentially capable of appreciably altering the eigenfrequency of some wobble or, indeed, increasing the number of wobbles. Toomre (1974) has discussed the possibility of such an effect. Fig. 10 depicts the secular determinant, as a function of frequency, for each of the three models considered here and in the vicinity of each of the two principal wobbles. The secular determinant is simply a numerically evaluated function, the zeroes of which are the normal mode eigenfrequencies of the system of interest. The six plots shown are somewhat qualitative because the actual secular determinant varies up to four orders of magnitude over the range of frequencies shown. One of the six secular functions was not sampled densely enough to give trustworthy results; the portion for which this is true is indicated by dashed lines. Note that each of the three Chandler wobble roots has an adjacent root of lesser period; further, when the earth model is made more stably stratified, the eigenfrequency of this second root increases. Examination of the eigenfunction for that mode indicates that it is principally a wobble of the solid inner core, a class of result which we have unfortunately shown to be beyond reach of our technique. (It is at least satisfying that stable stratification serves to decrease its period.) We have also sought to convey the nearly discontinuous behaviour of the secular function in the vicinity of these innercore eigenfrequencies. This behaviour is interesting because we can show that for appropriate forms of the secular function, the degree of quasi-discontinuity is a reflection of the extent to which the normal mode displacement eigenfunction is concentrated in regions away from the earth's outer surface. The difference between the Chandler wobble and innercore wobble zero crossings reflects this behaviour quite clearly.
SECULAR FUNCTIONS NEAR PRINCIPAL WOBBLES
Apart from the innercore motion, the Chandler wobble root is fairly well isolated. Each of the upper two curves was extended on the left to 100000 days and no additional roots were found. For computational reasons, calculations for the lowermost (most stable) case were by far the most costly, and we did not attempt to extend this curve to longer periods; we have no reason to suppose that its behaviour would be any different from that of the two above it. We recall, from the discussion in Section 2 of the forced response of a rotating ellipsoidal mass of homogeneous incompressible fluid bounded by a rigid container, that pressure coupling is relatively ineffectual at typical Chandler wobble frequencies (see Fig. 4 ).
This result suggests that even if, in more general cases, internal core resonances of the appropriate frequency exist, they may not couple very efficiently to the mantle and thus may not appreciably alter the characteristics of the Chandler wobble. Whether or not such lowfrequency core motions with a prograde sense exist in plausible earth models is a presently unsettled question.
The right-hand half of Fig. 10 depicts the secular function for nearly diurnal retrograde motions. Where adequate sampling is available, the results show a simple zero at the nearly diurnal eigenfrequency and a slightly split pair of zeroes having periods very close to one sidereal day. "he leftmost of this pair of roots in the tilt-over mode, and its computed eigenperiod is within a few parts in lo5 of exactly one sidereal day. The other, rightmost root is about 2 parts in lo4 from one sidereal day. The associated displacement eigenfunction is almost entirely a rigid rotation of the solid innercore; the mantle undergoes a rigid rotation about 100 times smaller, while the core rotates about a factor of 10 still less. This normal mode is almost surely a nearly diurnal wobble of the solid inner core. It is reasonable that some such mode should exist. Unfortunately, we do not presently have any means of assessing the validity of this approach for that mode. The available samples of the nearly diurnal secular function show no evidence of the onset of resonant interaction with internal core modes, although coverage of the lowermost case is far from adequate for this purpose.
Finally, the remarkable independence of the eigenfrequency of the nearly diurnal wobble for a rather wide range of core structures suggests that, at least over this range, pressure coupling between core and mantle is not particularly sensitive to stratification and compressibility in the fluid outer core. From the discussion of core-mantle-coupling in Section 2 (and in particular the results displayed in Fig. 4) , then, it is reasonable to suppose that even for more realistic models of the sort considered here, any nearly diurnal wobble mode with an appreciable rigid rotational component in the outer core is likely to be confined to an eigenfrequency interval of width of order 4eQ0 near -no. Any normal mode represented by an expansion of the general form (3.5) may possess some non-vanishing rigid rotational component in some part of the earth. Such a normal mode, however, will not possess a large rigid rotational component (and thus will not be a wobble or nutation in any useful sense) unless it lies within the rather narrow range of frequencies in which core-mantle pressure coupling efficiently connects core rotation to mantle rotation by the nearly-resonant excitation of the fluid core's tilt-over mode. Unless we have some reason to suppose that the density of candidate normal modes over this resonant interval is anomalously high, the very narrowness of the interval makes significant coupling between wobbles and internal core modes unlikely.
Some geophysical consequences
This section is devoted to several geophysically interesting consequences of the calculations summarized in Section 5.
EIGENFREQUENCY O F THE C H A N D L E R WOBBLE
The Chandler Wobble, unlike its nearly diurnal companion, has been unambiguously observed and its eigenfrequency measured. 1976) for a much more complete discussion.) The three models we considered in Section 5 yield theoretical eigenperiods 2 . 4 4 . 1 sidereal days shorter than the above. Apart from the unknown uncertainty of the ocean correction, the uncertainty of the reduced observed eigenperiod is the same as that of the original observed eigenperiod.
In Section 4 we demonstrated that when mantle elasticity alone was important, our calculations are correct to about 0.25 per cent and when core fluidity alone is important, they are correct to about 0.7 per cent. For the earth models considered here both effects occur simultaneously and we might expect to achieve an accuracy somewhere between these two limits. If 0.5 per cent (or -I 2 sidereal days) is the nominal accuracy of our calculations, then the agreement between theory and observation is apparently substantive. More precisely, we have computed the CW eigenperiod for a rotating slightly elliptical earth about as accurately (k2 sidereal days) as we are able to observe that quantity and to within that uncertainty theory and observation are in agreement. There are a number of potentially important physical processes which might affect the Earth's CW eigenperiod and which were a priori excluded from our theoretical models; examples are dynamo action in the core, nonelliptical topography at the core-mantle boundary, and anelasticity. We do not presently have compelling reasons to believe that omission of any of these invalidates our results. As a corollary, it appears that an elastic model of the mantle using material properties inferred from high-frequency seismological observations predicts with good accuracy the response of the real mantle to rotational forces at periods of a year or so. This does not mean that other, much different models of mantle behaviour cannot perform equally well; it does mean, however, that any competing models (such as structures with anomalously 'soft' regions) will have to be shown to pass a rather stiff quantitative test.
EXCITATION O F W O B B L E BY S E I S M I C EVENTS
The source of energy for the Chandler wobble is currently uncertain. One possibility which has received some attention is the release of tectonic stress by earthquakes in the crust and mantle. Earthquakes can induce small but widespread mass rearrangements which alter the Earth's inertia tensor and can thus excite free wobble. That such a process must occur is certain, but whether or not its magnitude is sufficient to drive the observed Chandler wobble is not settled. The problem has proved to be a remarkably opaque one, and in fact the literature consists of a number of extremely different (and very ingenious) approaches to the static deformation calculation rather than the cumulative refinement of a single point of view. The vigour and duration of this difficult discussion has, in the popular view, somewhat beclouded the validity of published calculations of the excitation of the Chandler wobble by elastic dislocation sources even though those calculations are now surely correct. We propose to compute below the excitation of the Chandler wobble (as well as the excitation of the other wobble modes studied here) by appealing directly to normal mode excitation theory, thus bypassing entirely the difficulties associated with the static limit. This calculation is simply the result of applying the exact excitation theory developed in Dahlen & Smith (1975) to the computed normal mode eigenfunctions discussed above. As such, and apart from the truncation errors incurred in our finite representation of the eigenfunction, the results of these calculations are exact. Certainly the errors we acquire through truncation are smaller than those associated with any quasi-static excitation calculation.
The theory is discussed in ample detail in Dahlen 8~ Smith (1975) and an application of it is given in Smith (1976). We will here give only the results.
We have executed excitation calculations for two different earthquake sources. Specifically, we used the tangential dislocation source model inferred by Kanamori (1970) for the 1964 Alaskan earthquake and the twoevent source model inferred by Kanamori & Cipar (1974) for the 1960 Chilean earthquake. The source parameters used are listed in Table 3 . The results of Kanamori & Cipar (1974) for the Chilean earthquake are shown as two separate events. The first is the main shock and the second is the less certain foreshock. Effects associated with propagation of the source have been neglected since the time and distance scales associated with source motion are minute in comparison with those of any of the normal modes considered here. Table 4 lists the computed dynamic excitation amplitude of each of the Chandler wobble, the nearly diurnal wobble, and the tilt-over mode for the earth model DG809. (The computed amplitudes vary negligibly with the earth model.) The excitation calculation per se gives us the initial amplitude and phase imparted to a particular normal mode by some earthquake source. Using an approach summarized in Section 5 , we can extract the rigid rotational component of the (excited) eigenfunction, which corresponds more-or-less to e0 of Section 2. Finally, through the straightforward application of equations (2.1 5) and (2.16) we can compute the associated amplitudes of wobble and nutation. The excitation amplitude of the Chandler wobble is expressed as a wobble amplitude; that of the other two modes as a nutation amplitude. Conversion among these two quantities and O0 is easily done. Excitation is specified by a magnitude (in 0.01") and a direction (in "E of Greenwich).
Quasi-static CW excitation results by Dahlen (1973, and private communication) are shown parenthetically.
Note first that our results agree quite well with those of Dahlen (1973). This agreement is a powerful, entirely independent validation of the quasi-static theory used by Dahlen and others to estimate the excitation of the Chandler wobble by seismic events. We should expect the direct excitation calculations presented here to be the most accurate available. It is evident, however, that the quasi-static calculations are more than adequate.
The total excitation due to the combined Chilean events is very nearly the sum of the magnitud:s associated with the separate events in a direction about midway between the directions of the two events. This amounts to a polar shift of about 4.9 (0.01") in a direction about 116" E. Dahlen (1971) inferred that Smylie & Mansinha (1968) had observed a shift of about 4 (0.01") in a direction about 75" E in the BIH polar motion data from a figure in the latter paper. (Dahlen's (1973) calculations used an earlier model of the Chilean source and as a result predicted a much smaller polar shift.) Substantial uncertainties exist in our understanding of the long-period properties of seismic sources and in the quality, analysis, and interpretation of polar motion data (Haubrich 1970; Dahlen 1971) . We cannot currently be confident that this agreement is substantive. Table 4 also contains the results of excitation calculations for both the nearly diurnal wobble and the tilt-over mode. Toomre (1974) has suggested that processes confined exclusively to either the core or the mantle cannot excite the nearly diurnal wobble, but that is not generally true. If, for example, the mantle's inertia tensor is disturbed by an earthquake, the subsequent reorientation of the mantle to conserve angular momentum will alter the symmetry axis of the elliptical core-mantle boundary with respect to the rotation axis of the fluid core. This misalignment will induce the fluid core to move and, among other things, result in a nearly diurnal wobble as part of the Earth's response to a seismic event. The middle section of Table 4 shows computed excitation amplitudes for the nearly diurnal wobble for three dislocation sources described The third section of Table 4 gives the results of excitation calculations for the tilt-over mode. The tilt-over mode, unlike the other two motions studied here, should be exactly impervious to internal excitation, as for example by an earthquake. Consequently, the non-vanishing excitation amplitudes given in Table 4 are an estimate of the noise level in the joint calculation of eigenfunction and excitation coefficient. The predicted rigid rotation is in each case at least a factor of 50 down from the rigid rotation expected of the nearly diurnal wobble.
